Certain remnants of a quantum spacetime foam can be modeled by a distribution of defects embedded in a flat classical spacetime. The presence of such spacetime defects affects the propagation of elementary particles. In this article, we show explicitly that both topology and differential structure of the defects are important for the particle motion. Specifically, we consider three types of spacetime defects which are described by the same topological manifold R × RP 3 − {point} but which are not diffeomorphic to each other. We investigate the propagation of a massless scalar field over the three different manifolds and find different solutions of the Klein-Gordon equation.
I. INTRODUCTION
Spacetime foam may be one of the features of the quantum theory of gravity: at microscopic length scales comparable to the Planck length, spacetime is affected by quantum fluctuations of its geometry and topology [1, 2] . It is interesting, then, to investigate how these fluctuations influence the propagation of particles in the emerging classical spacetime. Many different models have been proposed over the years to represent the effects of spacetime foam (see, e.g., Refs. [3] [4] [5] and references therein). Here, we are particularly interested in the approach used in Ref. [6] .
In that work, the possible remnants of the spacetime foam are described by a Swisscheese-type classical spacetime manifold, where balls of space are removed from a spatial slice of Minkowski spacetime. The holes of this manifold have antipodal points on their boundaries identified and we refer to the resulting structures by the name of "spacetime defects." In this case, space around a defect is simply described by spherical coordinates and the topological structure of the defect is implemented by additional boundary conditions on the matter fields. But a system of spacetime coordinates that automatically describes the structure of the defect has not been supplied in Ref. [6] .
A first attempt to solve this problem has been provided in Ref. [7] , where it has been shown that it is indeed possible to introduce such a system of spacetime coordinates. However, the particular coordinates discussed in that work were used to define a manifold whose metric is not smooth at the defect surface and is not a vacuum solution of Einstein's gravitational field equations.
An improved result has been obtained recently in Ref. [8] . In that work, a different set of spacetime coordinates has been introduced, which allows us to define a defect manifold whose metric is smooth everywhere. The form of the metric has been derived as a vacuum solution of the Einstein field equations.
The three types of spacetime defects described in Refs. [6] [7] [8] have the same topological structure. The three manifolds are indeed related by homeomorphisms, but they are not diffeomorphic to each other [9, 10] . Here, we show that this is a physically relevant distinction and that the three manifolds really describe different types of spacetime defects with different observable characteristics. To do so, we compare the solutions of the massless Klein-Gordon equation for the three cases.
At this moment, a few remarks may help to place our spacetime defects in context. First, of the three spacetime defects considered in this paper only one is a solution of the vacuum Einstein equations. Second, that particular vacuum solution (with a masstype parameter ℓ > 0) appears asymptotically in a finite-energy matter solution with the same topology [11] . This matter solution with a Skyrmion field has, however, only been obtained numerically and the present paper focuses instead on the vacuum solution which is known analytically. Third, the vacuum defect solution is reminiscent of the so-called
In this section, we introduce the different spacetime defects to be examined later on. The defect length scale is denoted by b. We start with the simplest case, where the defect is obtained from Minkowski spacetime by surgery [6] and the resulting spacetime is denoted M b , which is a topological manifold with a differential structure inherited from Minkowski spacetime. We, then, consider the defect described by the manifold from Ref. [7] , referred to as M b , which is a differentiable manifold but not a smooth Lorentzian (pseudo-Riemannian) manifold. Finally, we introduce the manifold from Ref. [8] , denoted M b , which would be a smooth Lorentzian manifold, were it not for the fact that at certain points the metric is degenerate and the standard elementary-flatness property does not hold (details will be given in Sec. II D).
Let us clarify the distinctions between these different types of manifold. With a "topological manifold" M T is meant a topological space as defined in Ref. [14] (that is, a set X equipped with a topology T ), which is locally homeomorphic to R n . A "differentiable manifold" M D is a topological manifold equipped with an atlas {(U i , α i )}, whose transition functions between the images α i , α j of two overlapping open sets Table I , where some of the entries will be explained later on. 
B. Defect in Minkowski spacetime
Consider Minkowski spacetime with the standard metric for Cartesian coordinates:
1b)
setting c = 1. The spacetime defect of Ref. [6] is obtained by removing a ball of radius b from the spatial hypersurface R 3 and identifying antipodal points on the boundary. After this surgery, Minkowski spacetime is replaced by the manifold
where the 3-dimensional manifold is given by
with the origin of the coordinates x i chosen to coincide with the center of the defect and the symbol ' =' standing for pointwise identification. The structure of this defect is illustrated in Fig. 1 . In spherical coordinates (X, Y, Z) = (r sin θ cos ϕ, r sin θ sin ϕ, r cos θ) ,
3) the defect is described by the standard Minkowski metric
to which we must append the boundary conditions b . The interior of the sphere of radius b centered at the origin is removed from R 3 and antipodal points on the boundary are identified.
"boundary" at | x| = b) have two sets of coordinates and the corresponding metric is illdefined for M b (nonzero short distance between identified points).
In order to obtain the topology of this manifold [6, 7] , we observe that by using the diffeomorphism (r ≥ b > 0) 5) it is possible to map the entire manifold M into the closed unit ball with antipodal points on the boundary identified (minus the origin corresponding to spatial infinity). Since the closed ball with antipodal points on the boundary identified has the topology of the 3-dimensional real projective space RP 3 , we conclude that the topology of the defect manifold is 6) where '≃' denotes a homeomorphism.
C. Nonsmooth defect manifold
In Ref. [7] , a system of coordinates { y, z, x} has been proposed, which is suitable to describe the spacetime defect introduced in Sec. II B. We refer to the defect manifold in this system of coordinates as M b . In order to completely cover spacetime in this coordinate system, we need to introduce three charts U i , each one surrounding one of the Cartesian axes x i but not intersecting the others. We attach a subscript 'i' to the new coordinates to indicate to which particular chart it refers: { y i , z i , x i } is the system of coordinates associated to the chart U i which surrounds the Cartesian axis x i .
This new system of coordinates is related to the standard spherical coordinates (2.3) by the following transformations in the first two charts:
Since the standard spherical coordinates are ill defined on the x 3 axis, it turns out to be useful for the chart U 3 to introduce an alternative set of spherical coordinates (X, Y, Z) = (r sinθ sinφ, r cosθ, r sinθ cosφ) .
With this definition, the transformation rules between { y 3 , z 3 , x 3 } and {r,θ,φ} are given by
The standard spherical coordinates (2.3) range over while the new set of coordinates { y, z, x} has ranges 15) for all three charts. We observe that the angular coordinates z and x cover only half of the solid angle covered by θ and ϕ. The "radial" coordinate y takes value on the whole real line R, while r only covers the positive real numbers R + . See Fig. 2 for a comparison of the two systems of coordinates. With this choice of coordinates, it is possible to assign a proper atlas to the defect [7] and M b can be regarded as a differentiable manifold. The metric of the manifold M b can be obtained applying the change of coordinates introduced above to the defect metric in Minkowski spacetime (2.4a). We then arrive at [7] 16) where the defect length scale has been assumed positive, b > 0, and the subscript i labeling the three charts has been dropped, since the metric is the same on each of them. As said before, one important feature of these coordinates is that we do not need to implement additional boundary conditions to describe the structure of the defect as was needed with spherical coordinates. Observe, however, that the presence of the absolute value | y| makes the metric (2.16) nondifferentiable at the defect surface y = 0 and M b cannot be considered a smooth Lorentzian manifold. This nondifferentiability of the metric affects [7] the Ricci scalar R and the Kretschmann scalar K, which are given by [15] 
where R µν is the Ricci curvature tensor and R µνρσ is the Riemann curvature tensor. From these quantities we see that the metric (2.16) is flat everywhere apart from the defect surface, where the curvature invariants have singularities.
The changes of coordinates given by Eqs. (2.7)-(2.13) define a homeomorphism but not a diffeomorphism between the two defect manifolds
where '≈' denotes a diffeomorphism. These transformations (and their inverses) are continuous through the defect, but the transformation rule for the radial coordinate,
is nondifferentiable at y = 0. On the other hand, the two manifolds M b and M b are locally diffeomorphic in the two separate regions y > 0 and y < 0. A last remark concerns the case b = 0, for which the manifold M 0 describes standard Minkowski spacetime [16] in coordinates {t, y, z, x}. In this case, the metric (2.16) reduces to 20) which is smooth everywhere. In fact, the manifold is now diffeomorphic to Minkowski spacetime [17] 
D. Smooth defect manifold
We next introduce the third type of spacetime defect M b . This defect manifold has been obtained in Ref. [8] as a vacuum solution of general relativity. It can be described in a coordinate system {t, y, z, x} analogous to the one introduced in Sec. II C, since it also has ranges 22) but is differently related to the standard spherical coordinates (see below for details). In these coordinates, the defect metric takes the form
where b > 0 gives the defect length scale and the additional length parameter ℓ < b is related to the defect mass by m = ℓ/(2 G), recalling that we have set c = 1. In this article, we only consider the case of a massless defect (ℓ = 0), for which the defect metric simplifies to
We see that this metric is smooth and well-behaved everywhere [18] . However, M b is not a genuine Lorentzian manifold, because it has nonstandard elementary flatness at certain points (see below). The crucial difference with respect to the defect M b is the relation between the new set of coordinates (2.22) and the standard spherical coordinates. For M b , the radial coordinate r is related to y by the equation [19] 
whose inverse is
Observe that this statement can be regarded as an a posteriori conclusion. In fact, the metric (2.24) can be obtained in the coordinate system {t, y, z, x} without any knowledge of its relation to spherical coordinates. Then, noting that far away from the defect surface this metric must be equivalent to Minkowski metric, Eq. (2.25) must hold. The angular spherical coordinates are related to the coordinates z and x as in Sec. II C. Explicitly, the change of coordinates in the chart U 1 surrounding the Cartesian axis
and similarly for the two other charts, U 2 and U 3 [obtained by making the obvious changes in (2.9)-(2.13)].
As for the previous type of defect, this system of coordinates automatically implements the antipodal identification on the boundary of the defect. The defect manifold M b is completely determined by the metric (2.24) without need to introduce additional boundary conditions. In this case, the Ricci and Kretschmann scalars turn out to be regular everywhere
where we have temporarily considered the general metric (2.23) with nonvanishing parameter ℓ.
Observe that the smoothness of the manifold M b comes at the price of relaxing the standard elementary-flatness condition [9, 10] . It is possible to transform the metric (2.24) in a neighborhood of the defect boundary y = 0 to the standard Minkowski metric. However, the coordinate transformation is a C 1 function and not a C ∞ -diffeomorphism, as required by the standard elementary flatness condition. Remark also that the matrix of the metric g µν (t, x, y, z) from (2.23) has a vanishing determinant at y = 0, i.e., the metric is degenerate there, contrary to the assumptions of standard general relativity [20, 21] . For this reason, the metric (2.23) is non-Lorentzian and has been called a "regularization" of the standard Schwarzschild metric [10] . Just to be clear, the metric (2.23) is a solution in general relativity but not in standard general relativity (this correct a statement in the last paragraph of Sec. 1 of Ref [10] ).
Specifically, the change of coordinates between the systems {y, z, t} and { y, z, t} is given by
The defect manifold M b is homeomorphic but not diffeomorphic to the previous types of defects
The homeomorphism relation (2.31a) is simply proved observing that both transformations given by Eqs. (2.27) and (2.28) for M b ↔ M b and by Eq. (2.30) for M b ↔ M b are continuous and have continuous inverses. The nondiffeomorphism relations (2.31b) and (2.31c) follow from the fact that these transformations (or their inverses) are not C ∞ -differentiable at the defect surface y = 0. Again, in the two separate regions y > 0 and y < 0, the three manifolds are locally diffeomorphic.
Considering the case b = 0, we observe that the metric (2.24) reduces to Eq. (2.20), while the change of coordinates (2.30) reduces to y = y. Then, we can state that
The main focus of this article will, however, be on the case b = 0.
III. SCALAR FIELD SOLUTIONS A. General solution
Since the defect manifolds of Sec. II have distinct differential structures, we expect the physics (governed by differential equations) also to be different. To show this explicitly, we examine the case of a massless scalar field.
The massless Klein-Gordon equation for a real scalar field Φ in a general metric g µν is given by [22] 
where g ≡ − det(g µν ). For our three defect manifolds, this yields
and we recall that Eq. (3.2a) must be supplemented by boundary conditions corresponding to (2.4b).
In order to find the solutions of the scalar equations (3.2), we use the standard method of separation of variables,
where r must be replaced by y or y for M b or M b and similarly θ and ϕ must be replaced by z and x. We obtain that the time and angular equations are equal for the three cases:
Hence, the temporal solution turns out to be
for all three defect manifolds considered ( M b , M b , and M b ). The angular solutions are
where Y m l (θ, ϕ) are the standard spherical harmonics. The general solution of Eq. (3.2a) can, then, be written as
and similarly for the solutions of Eqs. (3.2b) and (3.2c). The separation constant k from (3.6) ranges over R. Its modulus is identified with the wavenumber |k| = 2π/λ, where λ is the wavelength of the scalar mode, and its sign distinguishes between incoming and outgoing modes. The constants l and m are integers, l ≥ 0 and |m| ≤ l. It needs to be emphasized that these separation constants (k, l, and m) do not change under parity transformations. The radial solutions R kl (r) are obtained from the radial equations
Before proceeding to the study of these equations, we want to state clearly what a solution (or proper solution) of an ordinary differential equation is. Following Ref. [23] , a function f (x) can be regarded as a solution of an ordinary differential equation on a domain I if it solves the equation for every x ∈ I. This means that f (x) must be defined everywhere in the domain I and that, in particular, it cannot be discontinuous, since, at the discontinuity, a unique value of the function is not defined. The same must be true for the derivatives of f (x), at least up to the order of the differential equation. Hence, a solution of an ordinary differential equation of order n on a domain I must be, at least, C n -differentiable on I.
Observe, then, that proper global solutions of the radial equations (3.7) can only be found for the smooth defect manifold M b . In fact, only M b is a smooth manifold whose differential structure and metric are well defined everywhere. For the other two cases ( M b and M b ), we must rely on boundary conditions at the defect surface to find global solutions.
B. Scalar solution over Minkowski spacetime
We start by considering the simplest case b = 0. In this case, the three manifolds are mutually diffeomorphic and the radial equations (3.7) become formally equal and coincide with the standard spherical Bessel equation. Then, we obtain the solutions
where j l (kr) is the spherical Bessel function of the first kind and we do not consider the spherical Bessel function of the second kind y l (kr) since it diverges at the origin. Taking into account also the angular results (3.5b), the field solutions are
which are, indeed, equivalent, since they transform into each other under the changes of coordinates (2.27) and (2.28). These coordinate transformations guarantee that the two manifolds M and M 0 are locally diffeomorphic in the two regions y > 0 and y < 0. However, they do not give information about the origin y = 0. It is important, then, to verify that the two solutions behave consistently across this point. It is useful, in this regard, to compare the behavior of the solutions under parity. The parity transformation for the different coordinate systems is given by Applied to the scalar solutions (3.9), this gives
We see that the two scalar solutions have the same parity eigenvalues, which, however, have different origins. Specifically, the parity operator for Minkowski spacetime M acts on the angular variables and the (−1) l factor comes from the behavior of the spherical harmonics Y m l (θ, ϕ). For M 0 , the parity operator acts on the "radial" coordinate y and the (−1) l factor comes from the behavior of the spherical Bessel function j l (y).
C. Scalar solution for the defect in Minkowski spacetime
For the case of b = 0 in spherical coordinates, we need to take into account the defect structure (2.4b) and to require that the field is continuous at the defect surface,
Such a condition is not satisfied by the standard Minkowski solution Φ (M ) (t, r, θ, ϕ) and we need to introduce an additional scattered field Φ (M S ) (t, r, θ, ϕ), so that the total field, (r) can, in principle, be any of the spherical Bessel functions. Imposing the Sommerfeld radiation condition [24] , which requires that the solution must behaves as e ikr /r at large r, allows us to identify the radial solution R (M S ) kl (r) with the spherical Hankel function h (1) l (kr). The total solution turns out to be 14) where the explicit dependence on t is dropped.
Using the transformations (2.27) we obtain that this radial solution, written in the system of coordinates {y, z, x}, takes the form
Similarly, from the change of coordinates (2.7), we obtain in the system { y, z, x}
The solution (3.14) for odd values of l manifestly vanishes at r = b. The same holds for the transformed solutions (3.15) and (3.16) at, respectively, y = 0 and y = 0.
D. Scalar solution for the smooth defect
We now consider the smooth defect manifold M b described by the metric (2.24) for b > 0. In this case, the radial solution of Eq. (3.7c) is
from which follows the scalar solution
In principle, a second independent radial solution proportional to the spherical Bessel function of the second kind is allowed. However, for simplicity, we neglect this second solution by requiring that the total radial function must approach the standard Minkowski result .17) gives a function which is nondifferentiable at y = 0 (and cannot be regarded as a proper solution as defined at the end of Sec. III A). This has to be expected since, as we have shown in Sec. II D, the properties of the manifolds M b and M 0 are fundamentally different: M 0 is diffeomorphic to Minkowski spacetime, whereas M b is not. Studying the radial Klein-Gordon equation for M 0 we obtain, in fact, the solution (3.8b), which is differentiable at y = 0.
Still, the smooth manifold M b for b > 0 is locally diffeomorphic to Minkowski spacetime in the two separate regions y > 0 and y < 0. Then, we expect the solution (3.18) to be equivalent to the one obtained for M in these two regions. Applying the change of coordinate (2.27) to the solution (3.9a) we obtain
for y > 0 , (y) is given by Eq. (3.15). We observe that this expression is continuous at y = 0 and, inserted into the radial equation (3.7c), turns out to be a solution in both regions y > 0 and y < 0. However, its second derivative is discontinuous at y = 0 and, consequently, it cannot be considered a proper solution at the defect surface. Again, this shows explicitly that M b and M b are not globally diffeomorphic.
Just as for the b = 0 case discussed in Sec. III B, it is useful to study the behavior of the solutions under parity. We observe that Fig. 3 . In App. A, we provide a detailed derivation of the radial solutions for M 0 and M b near y = 0, which shows how the different behavior of the two solutions originates. In brief, this is due to the fact that both Minkowski spacetime M ≈ M 0 and the defect manifold M b are smooth manifolds whose metrics are invariant under parity. This implies that the solutions Φ klm of the Klein-Gordon equation for both cases must be regular everywhere and be parity eigenstates. However, spherical coordinates are ill defined at r = 0 and, consequently, the radial equation (3.7a) is singular at r = 0 [in particular the last term of the left-hand side proportional to l(l + 1)]. Then, in order for the solution to be regular at r = 0, it must be R(r) ∼ r l for r ∼ 0. For M b , on the other hand, the point r = 0 does not belong to the manifold (r = y 2 + b 2 ≥ b > 0). It follows that the last term of the left-hand side of the radial equation (3.7c) is regular everywhere and, consequently, the parity of the solutions does not depend on the value of l. Near y = 0, the regularity of the M b solution implies R(y) ∼ y 0 .
E. Scalar solution for the nonsmooth defect
The last case we have to discuss is the defect manifold M b described by the metric (2.16). This metric is not differentiable at the defect surface y = 0, which makes it problematic to study the Klein-Gordon equation near y = 0. In fact, the Klein-Gordon equation is given by Eq. (3.1), which contains derivatives of the metric and it is not defined at the defect boundary. This can be seen explicitly examining the radial equation (3.7b) , where the coefficient of the first derivative turns out to be discontinuous at y = 0. Consequently, proper solutions of the Klein-Gordon equation can only be found for y = 0.
What we can do is to construct a global "solution" which solves the radial equation separately in the two regions y > 0 and y < 0, where the equation is well-defined [25] . Then, we can try to match these solutions at the defect boundary by imposing a continuity condition
where R
( y) is the solution obtained in the region y > 0 and R
( y) is the solution obtained in the region y < 0. The global "solution" is then given by
Since, in these two regions, M b is locally diffeomorphic to the manifolds studied in the previous cases, the solutions R
( y) can be immediately obtained by applying the appropriate change of coordinates to the previous solutions.
Considering the smooth manifold M b where the radial solution is given by Eq. (3.17), applying the change of coordinates (2.30), and imposing the continuity condition (3.21) gives the expression
where the condition y = 0 emphasizes the fact that this is not a proper solution at y = 0.
Observe that this expression, as the one obtained for M b , transforms as follows under point reflections:
with a nonstandard parity eigenvalue of +1. Another acceptable global "solution" can be obtained from the solution derived for M b . In that case, we have already applied the appropriate change of coordinates which leads to Eq. (3.16) . Observing that this function is continuous at y = 0 and restricting to the real part of this expression, we obtain 25) where
kl ( y) is given by Eq. (3.16) and, again, we emphasize that this is a proper solution of the radial equation (3.7b) only for y = 0. Observe that this expression behaves as follows under point reflection: 26) with standard parity eigenvalues (−1) l .
Both expressions
( y) are acceptable global "solutions" of the radial equation for M b , Eq. (3.7b), but they have different behavior under parity. We conclude that, while for M b and M b the scalar solutions have definite parity, for M b the parity of the solutions is not determined.
IV. CONCLUSION
In this article, we have considered three different spacetime defects (with length scale b = 0), whose manifolds are homeomorphic but not diffeomorphic, and have compared the solutions of the massless Klein-Gordon equation. We observe that, when the size of the defect is set to zero (b = 0), the three manifolds are diffeomorphic to Minkowski spacetime and the scalar solutions are indeed equivalent to each other.
The main result of this article is that, for b > 0, the scalar solutions over the smooth defect manifold M b from Ref. [8] have different parity compared to the solutions for standard Minkowski spacetime M and for the defect manifold M b from Ref. [6] with boundary conditions (3.12) on the scalar field. The solutions for the nonsmooth defect manifold M b from Ref. [7] have no definite parity, since the Klein-Gordon equation is not defined on the defect surface. The parity eigenvalues of the different solutions are collected in Table II From the comparison in Table II , we conclude that the three spacetime defects, even if they are topologically equivalent, produce different modifications of the propagation of the scalar field [26] . These different effects become particularly important in the context of a spacetime foam, where the quantum fluctuations of spacetime may give rise to a "gas" of defects in the emerging classical spacetime. Depending on which particular type of spacetime defect turns out to be relevant, different modified dispersion relations result. This conclusion also holds for photons, for which analogous results can be derived.
we study, for a neighborhood of the origin, the radial wave equation of the smooth defect manifold M b (b > 0) and the radial wave equation of Minkowski spacetime M ≈ M 0 , both expressed in the same coordinate system {t, y, z, x}.
The two radial equations are
where the indices k and l on R kl have been dropped. Since the origin is a regular singular point for both equations, we can use the Frobenius method [23] to find the solutions around y = 0. This method allows us to find solutions of the form
Instead of inserting this expression directly into (A1), it turns out to be useful to rewrite Eq. (A1) in the following form:
and to expand its coefficients p(y) and q(y) in powers of y: p(y) = p 0 + p 1 y + p 2 y 2 + ... and q(y) = q 0 + q 1 y + q 2 y 2 + ... . Inserting the expansion (A2) into Eq. (A3) we obtain
For n = 0, we have
and, assuming c 0 = 0, it must be that
This last equation is called the "indicial equation" [23] , which has, in general, two roots (s 1 , s 2 ) corresponding to the two independent solutions. We assume that these roots are real and that s 1 ≥ s 2 . Then, one solution is always given by Eq. (A2) with s = s 1 . If the difference of the two roots ∆s = s 1 − s 2 is an integer, the second solution takes the form
Inserting the power series for p(y) and q(y), Eq. (A4) can now be written as
from which we obtain the coefficients c n of the first solution:
In order to obtain the coefficients of the second solution when ∆s is an integer, we have to insert the expression (A7) into the differential equation (A3). After some algebra, we arrive at the following recursion relation:
from which we obtain also the value of α. Returning to Eqs. (A1a) and (A1b), we observe that the functions p(y) and q(y) and their expansions are: (y) is proportional to y l (ky)]. For M b , both solutions turn out to have parity +1 and it is impossible to build a solution that is odd under parity.
In Fig. 4 , we show the behavior of the truncated l = 1 functions from Eq. (A15) compared to the exact solutions, Eqs. (3.8b) and (3.17) . The coefficients a, b, c, and d are obtained by imposing that, at the origin, the solutions (A15) and their derivatives coincide with the exact solutions:
The different behavior at y = 0 of the solutions over Minkowski spacetime M (Fig. 4-a) and the smooth defect manifold M b (Fig. 4-b) is manifest.
